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1 Introdution
About 30 years ago Berger onjetured that on a simply onneted manifold all of
whose geodesis are losed, all geodesis have the same least period. In addition to
the spheres and projetive spaes with the standard metris, the so-alled Zoll metris
on Sn have this property as well; see [Bes78, Corollary 4.16℄. The weaker statement
that there exists a ommon period is a speial ase of a theorem due to Wadsley; see
[Bes78, Theorem 7.12℄. The lens spaes with the anonial metris show that simply
onnetedness is neessary. On S2n+1/Zk, k > 2 all geodesis are losed with ommon
period 2π, but there exist geodesis of smaller period.
Bott and Samelson studied the topology of suh manifolds and showed that they
must have the same ohomology ring as a ompat rank one symmetri spae. In
1982 Gromoll and Grove proved the Berger Conjeture for metris on S2, [GG82,
Theorem 1℄.
One possible way to attak the Berger Conjeture is to assume the existene
of shorter geodesis and then use Morse Theory on the free loop spae to derive a
ontradition to the known (equivariant) ohomology of the free loop spae. In this
paper we present some results on the Morse theory on the free loop spae of S3 for
metris all of whose geodesis are losed. In [Zil77℄ it is shown that the energy funtion
is perfet for the standard metris on all ompat rank one symmetri spaes. The
rst theorem says that with respet to S1-equivariant ohomology, the same is true
for all metris on S3 all of whose geodesis are losed.
Theorem 1. Let g be a metri on S3 all of whose geodesis are losed. Then rel-
ative to the point urves the energy funtion E is perfet with respet to rational
S1-equivariant ohomology.
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The fat that the energy funtion is a Morse-Bott funtion was observed by Wilk-
ing; see [Wil01, Proof of Step 3℄. This allows us to do Morse Theory on ΛS3. The
next theorem allows us to use arbitrary oeients for the homology.
Theorem 2. Let g be a metri on S3 all of whose geodesis are losed. Then the
negative bundles over the ritial manifolds are orientable both as ordinary and S1-
equivariant vetor bundles.
We have the following struture result for the ritial manifolds of the energy
funtion.
Theorem 3. Let g be a metri on S3 all of whose geodesis are losed. A ritial
manifold in ΛS3 is either dieomorphi to the unit tangent bundle of S3 or has the
integral ohomology ring of a three dimensional lens spae S3/Z2k.
Together with the Bott Iteration Formula for the index of the iterates of a losed
geodesi, the above results have strong impliations for the geometry of the manifold;
see Setion 6.
The rst part of this work was advised by Burkhard Wilking at the University of
Münster. I would like to thank him for introduing me to the problem and for helpful
advie how to attak it. The seond part of this work was advised by Wolfgang Ziller
at the University of Pennsylvania. I would like to thank him for generous and helpful
advie. I would also like to thank Karsten Grove and Marel Bökstedt for many
helpful onversations.
2 Preliminaries
We will review some basi notions from Morse theory on the free loop spae of a
Riemannian manifold. The standard referene is [Kli78℄; see also [BO04, Setion 3℄
and [Hin84℄ for a short introdution.
Let M be a Riemannian manifold and let ΛM = W 1,2(S1,M) be the free loop
spae of M . The free loop spae ΛM an be given the struture of a smooth Hilbert
manifold whih makes E into a smooth funtion; see [Kli78, Theorem 1.2.9℄. Note that
there is a natural inlusion W 1,2(S1,M) → C0(S1,M) and a fundamental theorem
states that this map is a homotopy equivalene; see [Kli78, Theorem 1.2.10℄. The
tangent spae at a point c ∈ ΛM , TcΛM , onsists of all vetor elds along c of lass
W 1,2, and is a real Hilbert spae with inner produt given by
〈〈X, Y 〉〉1 =
∫ 2π
0
〈X(t), Y (t)〉+ 〈
DX
dt
,
DY
dt
〉dt,
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where
D
dt
is the ovariant derivative along c indued by the Levi-Civita onnetion on
M . Let the energy funtion E: ΛM → R be given by E(c) =
∫ 2π
0
|c˙(t)|2dt. It follows
from the rst variation formula that the ritial points of E are the losed geodesis
on M .
Let N be a ritial manifold of E in ΛM and let c ∈ N be a ritial point. We
use the onvention that the ritial sets are maximal and onneted throughout. By
denition N satises the Bott nondegeneray ondition if TcN = Ker(Hessc(E)). If
all ritial manifolds are nondegenerate in this sense, the energy funtion is alled a
Morse-Bott funtion. What this says geometrially is that the dimension of the spae
of periodi Jaobi vetor elds along the geodesi c is equal to the dimension of the
ritial manifold.
Now assume that Nj , j = 1, . . . , l, are the ritial manifolds of energy a, that they
satisfy the Bott nondegeneray ondition, and that there are no other ritial values in
the interval [a−ǫ, a+ǫ], ǫ > 0. The metri on TcΛM indues a splitting of the normal
bundle, ξ, of Nj in ΛM into a positive and a negative bundle, ξ = ξ
+⊕ ξ−, suh that
the Hessian of the energy funtion is positive denite on ξ+ and negative denite on
ξ−. Furthermore λ(Nj) = rank ξ
−
is alled the index of Nj and is nite. Note that
the index is onstant on eah ritial manifold, sine it is onneted. We denote by
ΛaM the set E−1([0, a]) ⊆ ΛM . Let D(ξ−(Nj)) = D(Nj) and S(ξ
−(Nj)) = S(Nj)
be the dis, respetively sphere, bundle of the negative bundle ξ− over Nj. Using
the gradient ow, one shows that there exists a homotopy equivalene Λa+ǫM ≃
Λa−ǫM∪f ∪
l
j=1D(Nj) for some gluing maps fj : S(Nj)→ Λ
a−ǫM ; see [Kli78, Theorem
2.4.10℄.
If the negative bundle over Nj is orientable for all j, exision and the Thom
isomorphism yield
H i(Λa+ǫM,Λa−ǫM ;R) ∼=
l⊕
j=1
H i(D(Nj), S(Nj);R) ∼=
l⊕
j=1
H i−λ(Nj)(Nj;R)
for any oeient ring R. If N is not orientable the isomorphism holds with Z2
oeients. The ohomology of Λa+ǫM is now determined by the ohomology of
Λa−ǫM and Nj by the long exat ohomology sequene for the pair (Λ
a+ǫM,Λa−ǫM).
This way one an in priniple indutively alulate the ohomology of ΛM from the
ohomology of the ritial manifolds. If the map Λa+ǫM → (Λa+ǫM,Λa−ǫM) indues
an injetive map H i(Λa+ǫM,Λa−ǫM ;R) → H i(Λa+ǫM ;R) for all i, we say that all
relative lasses an be ompleted to absolute lasses. This is equivalent to all the
boundary maps in the long exat ohomology sequene for the pair (Λa+ǫM,Λa−ǫM)
being zero. If this holds for all i and all ritial values a, we say that E is perfet.
If R is a eld, perfetness implies that Hj(ΛM ;R) =
⊕
j H
j−λ(Nj)(Nj ;R), where the
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sum is over all ritial manifolds.
For a topologial group G we let EG be a ontratible topologial spae on whih
G ats freely and let EG/G = BG be the lassifying spae of G. For a G-spae X the
quotient spae (X ×EG)/G = X ×G EG = XG is alled the Borel onstrution. The
G-equivariant ohomology of X is dened to be the usual ohomology of the Borel
onstrution XG. We have a bration X → X ×G EG → BG and, if the G-ation
on X is free, a bration X ×G EG → X/G with ber EG, i.e. the map is a (weak)
homotopy equivalene. If G ats on a manifoldX with nite isotropy groups, the map
X ×G EG→ X/G is a rational homotopy equivalene and the ohomology of X/G is
onentrated in nitely many degrees when X is nite dimensional and ompat.
For G a group ating on ΛM we onsider G-equivariant Morse theory. Let ξ → X
be a vetor bundle where G ats on ξ suh that p : ξ → X is equivariant and the
ation is linear on the bers. For suh vetor bundles we dene theG-vetor bundle by
ξG = ξ×GEG→ XG. TheG-vetor bundle ξG is orientable if and only if ξ is orientable
and G ats orientation preserving on the bers. Thus ifG is onneted ξG is orientable
if and only if ξ is orientable. For an oriented rank k G-vetor bundle ξG over X there
is a G-equivariant Thom isomorphism, H∗G(D((X)), S((X));R)
∼= H∗−kG (X ;R).
The ation of O(2) on S1 indues an ation of O(2) on the free loop spae via
reparametrization. Sine the energy funtion is invariant under the ation of O(2)
and O(2) ats by isometries with respet to the inner produt used to dene the
negative bundles, the negative bundles are O(2)-bundles in this sense. For any group
G ⊆ O(2) we have similarly to the above
H iG(Λ
a+ǫM,Λa−ǫM ;R) ∼=
l⊕
j=1
H iG(D(Nj), S(Nj);R)
∼=
l⊕
j=1
H
i−λ(Nj)
G (Nj;R)
where as above D(Nj) and S(Nj) are the disk and sphere bundle of the nega-
tive bundles ξ− over the ritial manifold Nj j = 1, . . . , l and where a is the en-
ergy of the ritial manifolds Nj . The seond isomorphism holds for any oef-
ient ring R if the negative bundle is oriented and with Z2 oeients if it is
nonorientable. The G-equivariant ohomology of Λa+ǫM is determined by the G-
equivariant ohomology of Λa−ǫM and Nj by the long exat G-equivariant ohomol-
ogy sequene for the pair (Λa+ǫM,Λa−ǫM). In priniple this allows us to indu-
tively alulate the G-equivariant ohomology of ΛM from the G-equivariant oho-
mology of the ritial manifolds. Again we say that E is perfet with respet to
G-equivariant ohomology if the map Λa+ǫM → (Λa+ǫM,Λa−ǫM) indues an inje-
tive map H iG(Λ
a+ǫM,Λa−ǫM ;R)→ H iG(Λ
a+ǫM ;R) for all i and for all ritial values
a. If R is a eld, perfetness implies that HjG(ΛM ;R) =
⊕
j H
j−λ(Nj)
G (Nj;R), where
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the sum is over all ritial manifolds. See [Hin84℄ for an introdution to equivariant
Morse theory on ΛM .
3 Rational S1-equivariant Perfetness of the Energy
Funtion
In the ase of the anonial metri g0 on S
3
we let Bk ∼= T
1S3 be the manifold
of k-times iterated geodesis. The energy funtion is a Morse-Bott funtion for the
metri g0. The manifolds Bk, k ∈ N>0 and the point urves S
3
are the only ritial
manifolds for E and the indued ation of S1/Zk on Bk is free. The S
1
-equivariant
ohomology of T 1S3 an thus be alulated from the Gysin sequene for the bundle
S1 → T 1S3 → T 1S3/S1 and is given by
H iS1(T
1S3;Q) =


Q, i = 0, 4,
Q
2, i = 2,
0, otherwise.
Sine by [Zil77℄ the indies of the ritial manifolds Bk in ΛS
3
are 2(2k−1), k ∈ N>0,
we see that for all k the rational S1-equivariant ohomology of Bk is onentrated in
even degrees. Hene by the Launary Priniple the energy funtion is perfet relative
to S3 for rational S1-equivariant ohomology.
Proposition 3.1. The rational S1-equivariant ohomology of ΛS3 relative to S3 is
given by
H iS1(ΛS
3, S3;Q) =


Q, i = 2
Q
2, i = 2k, k ∈ N, k > 1
0, otherwise.
More generally, Hingston alulated the S1-equivariant ohomology of the free
loop spae of any ompat rank one symmetri spae; see [Hin84, Setion 4.2℄.
Let g be a metri on S3 all of whose geodesis are losed and normalized so that
2π is the least ommon period. We assume that there exist exeptional geodesis
on (S3, g) of period 2π/n for n > 1. Sine all geodesis are losed with ommon
period 2π the geodesi ow denes an eetive and orientation preserving ation of
R/2πZ = S1 on T 1S3. Choose a metri on T 1S3 suh that the ation of S1 beomes
isometri. The full unit tangent bundle orresponds to geodesis of period 2π and the
losed geodesis of length (k/n)2π an be identied with the xed point set of the
element e2πi/n ∈ S1 in T 1S3, i.e. the xed point set of Zn ⊆ S
1
. The xed point set
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of Zn ⊆ S
1
again has an eetive and orientation preserving ation of S1/Zn = S
1
sine S1 is abelian. Sine the ritial sets of the energy funtion an be identied
with the xed point sets of some g ∈ S1 and the metri is hosen so that the ation is
isometri, it follows that the ritial sets are ompat, totally geodesi submanifolds
of T 1S3.
We reall an observation made by Wilking, [Wil01, Proof of Step 3℄: If all geodesis
are losed, the energy funtion is a Morse-Bott funtion. To see this, one notes that
a ritial manifold N ⊆ T 1S3 of geodesis of length 2π/n is a onneted omponent
of the xed point set of an element g = e2πi/n ∈ S1. The dimension of the ritial
manifold is equal to the multipliity of the eigenvalue 1 of the map g∗v at a xed point
v. Sine the dierential of the geodesi ow is the Poinaré map, the multipliity of the
eigenvalue 1 at v is equal to the dimension of the vetor spae of 2π/n-periodi Jaobi
elds along the geodesi c(t) = exp(tv), t ∈ [0, 2π/n] (c˙ is onsidered as a periodi
Jaobi eld as well). Sine the null spae of Hessc(E) onsists of 2π/n-periodi Jaobi
vetor elds, we see that the kernel of Hessc(E) is equal to the tangent spae of the
ritial manifolds.
We know that the geodesi ow ats orientation preserving on the xed point sets,
but we need to show that the xed point sets are indeed orientable. This and the fat
that the xed point sets have even odimension follow from the following lemma.
Lemma 3.1. The xed point sets Fix(Zn) ⊆ T
1S3 have even odimension and are
orientable.
Proof. We reall a few fats about the Poinaré map; see [BTZ82, page 216℄. Let c be
a losed geodesi with c′(0) = v 6= 0. Let ϕt denote the geodesi ow and note that a
losed geodesi with v = c′(0) orresponds to a periodi orbit ϕtv. The ow ϕt maps
the set TrS
3 = {v ∈ TS3 | |v| = r} into itself. The Poinaré map P of c is the return
map of a loal hypersurfae N ⊂ TrS
3
transversal to v. The linearized Poinaré map
is up to onjugay independent of N and is given by P = DvP. One an hoose N
suh that TvN = V ⊕ V , where V = v
⊥ ⊆ TpS
3
, where p is the footpoint of v. On
V ⊕ V there is a natural sympleti struture whih is preserved by P . As above we
identify the ritial manifolds with the xed point sets of Zn ⊂ S
1
and notie that
sine the ritial manifolds are nondegenerate, the dimension of the xed point sets
is equal to the multipliity of the eigenvalue 1 of P plus one. By [Kli78, Proposition
3.2.1℄ we know that the multipliity of 1 as an eigenvalue of P is even. Hene the
dimension of Fix(Zn) ⊆ T
1S3 is odd and the odimension is even.
If the xed point sets are one or ve dimensional, they are learly orientable, so
assume dimFix(Zn) = 3. In this ase the normal form of P has a 2 × 2 identity
blok and a 2 × 2 blok whih is a rotation, possibly by an angle π. Denote the
two dimensional subspaes by Vid and Vrot. Using the sympleti normal form for P
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we know that Vid and Vrot are orthogonal with respet to the sympleti form and
that the restrition of the sympleti form to eah subspae is nondegenerate; see
[BTZ82, page 222℄. If we onsider the normal bundle ν Fix(Zn) with ber νv Fix(Zn)
for v ∈ Fix(Zn), we have νv Fix(Zn) = Vrot. Sine Vrot is a sympleti subspae, it
arries a anonial orientation. This gives a anonial orientation on eah ber of
the normal bundle, whih shows that the normal bundle is orientable and hene that
Fix(Zn) is orientable.
The one dimensional ritial manifolds are dieomorphi to irles. If c is a one
dimensional ritial manifold, the geodesi c(t) = c(−t) is a seond ritial manifold
of the same index. If the ritial manifold is ve dimensional it is the full unit tangent
bundle. If the exeptional ritial manifold that onsists of prime losed geodesis
is ve dimensional then all geodesis are losed with period 2π/n ontraditing the
assumption.
We now state and prove the main result of the thesis.
Theorem 1. Let g be a metri on S3 all of whose geodesis are losed. Then rel-
ative to the point urves the energy funtion E is perfet with respet to rational
S1-equivariant ohomology.
Proof. The proof takes up several pages, and we rst give a short outline. We will
use the Index Parity Theorem repeatedly; see [Wil01, Theorem 3℄. The Index Parity
Theorem states that for an oriented Riemannian manifold Mn all of whose geodesis
are losed, the index of a geodesi in the free loop spae is even if n is odd, and odd
if n is even; in partiular, in our ase it states that all indies are even. The idea
is to show that the ontributions H iS1(D(N), S(N);Q) from a ritial manifold N to
the S1-equivariant ohomology of ΛS3 our in even degrees only. If the negative
bundle over N is orientable this is by the Thom Isomorphism equivalent to showing
that H iS1(N ;Q) = 0 for i odd. Perfetness of the energy funtion then follows from
the Launary Priniple, sine the ritial manifolds all have even index.
We rst show that the negative bundles over the one and ve dimensional ritial
manifolds are oriented and that the ritial manifolds only have S1-equivariant oho-
mology in even degrees. If the ritial manifold is three dimensional we rst use Smith
Theory to show that the S1-Borel onstrution is rationally homotopy equivalent to
S2. If the negative bundle is oriented the ontributions our in even degrees only.
If the negative bundle is nonorientable we use Morse Theory and a overing spae
argument to show that the ritial manifold does not ontribute to the S1-equivariant
ohomology.
We begin the proof by onsidering the ve dimensional ase. The ve dimen-
sional ritial manifold is dieomorphi to the unit tangent bundle. It is lear that
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the negative bundles over the unit tangent bundle are oriented, sine the unit tan-
gent bundle is simply onneted. The Borel onstrution T 1S3 ×S1 ES
1
is ratio-
nally homotopy equivalent to T 1S3/S1, sine the ation has nite isotropy groups,
and thus the possible degrees where T 1S3 ×S1 ES
1
has nonzero rational ohomol-
ogy is zero through four. Using these fats and the Gysin sequene for the bundle
S1 → T 1S3×ES1 → T 1S3×S1 ES
1
we see that H∗S1(T
1S3;Q) = H∗(S2×S2;Q) and
hene has nonzero lasses in even degrees only.
Next, we show that the negative bundles over the one dimensional ritial man-
ifolds are oriented and thus, sine the S1-Borel onstrution of the one dimensional
ritial manifolds has rational ohomology as a point, the ontributions our in even
degrees only.
Proposition 3.2. The negative bundles over the one dimensional ritial manifolds
are (S1-equivariantly) orientable.
Proof. The negative bundle over the ritial manifold onsisting of a prime losed
geodesis c is orientable, sine we an dene an orientation in one ber of the negative
bundle and use the free S1/Zn-ation to dene an orientation in the other bers.
Let ξn be the negative bundle over the n-times iterated geodesi. The repre-
sentation of Zn on the bers of ξn is presented in [Kli78, Proposition 4.1.5℄. The
representation of Zn is the identity on a subspae of dimension Index(c) (whih or-
responds to the image of the bundle ξ1 under the n-times iteration map) and is a
sum of two dimensional real representations given by multipliation by e±2πip/n on a
vetor spae of even dimension. If n is even, Zn also ats as − id on a subspae of
dimension Index(c2)− Index(c).
We know by [Kli78, Proposition 4.1.5℄ that the dimension of the subspae on
whih a generator T of Zn ats as − id is equal to Index(c
2)− Index(c), whih by the
Index Parity Theorem is even. By [Kli78, Lemma 4.1.4℄ the pair (Dk/Zn, S
k−1/Zn)
is orientable (k = Index(cn)), sine the dimension of the subspae on whih T ats
as − id is even dimensional. Pik an orientation in one ber of the negative bundle
invariant under the ation of Zn. Use the S
1/Zn- ation to dene an orientation in
any other ber of the negative bundle. Sine the orientation is hosen to be invariant
under the ation of Zn the orientation on the negative bundle is well-dened.
We now treat the three dimensional ase and rst prove the following important
fat.
Proposition 3.3. Assume that the ritial manifold N has dimension three. Then
the S1-Borel onstrution of N is rationally homotopy equivalent to S2.
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Proof. Assume that Zn ats trivially on N . We start by onsidering the quotient N →
N/(S1/Zn). The ation of S
1/Zn is eetive and has isotropy at a losed geodesi
whih is an lth iterate, for some l, of a losed geodesi in a one dimensional ritial
manifold. The S1/Zn-ation normal to the S
1/Zn-orbit ats as a rotation by e
2πi/l
.
Hene N/(S1/Zn) is a two dimensional orbifold, sine a neighborhood of an arbitrary
point in N/(S1/Zn) is homeomorphi to R
2/Zl. However, the quotient R
2/Zl is
homeomorphi to R
2
so in partiular N/(S1/Zn) is homeomorphi to a surfae. Sine
by Lemma 3.1 Fix(Zn) is orientable and the ation of S
1/Zn is orientation preserving,
the quotient is an orientable surfae of genus g.
Using the Gysin sequene we an alulate H1(N ;Q) from the bundle S1 →
N × ES1 → N ×S1 ES
1
, sine we know that N/(S1/Zn) is rationally homotopy
equivalent to N ×S1 ES
1
. The Gysin sequene yields
H i(N ;Q) =


Q i = 0, 3
Q
2g, i = 1, 2 if χ 6= 0,
Q
2g+1, i = 1, 2 if χ = 0,
where χ denotes the Euler lass of the bundle.
If n is a prime, p, we an use Smith theory for the Zn-ation on T
1S3 to bound
the sum of the Betti numbers of the xed point sets, i.e. we know that the sum∑
bi(Fix(Zp);Zp) ≤
∑
bi(T
1S3;Zp) = 4 for an arbitrary prime p; see [Bre72, Theo-
rem 4.1℄. Hene we have
∑
bi(Fix(Zp);Q) ≤ 4, by the Universal Coeient Theorem.
If n is not prime we hoose a p suh that p|n and suh that Fix(Zp) is three dimen-
sional, whih is possible sine N is three dimensional and the only ritial manifold of
dimension ve is T 1S3. Then N ⊆ Fix(Zp) and sine both N and Fix(Zp) are losed
three dimensional submanifolds of T 1S3, N equals a omponent of Fix(Zp). Hene
we have
∑
bi(N ;Q) ≤ 4, whih implies that g = 0.
Thus, if the negative bundle is orientable we only have ontributions in even
degrees. We now treat the ase where the negative bundle is nonorientable.
Proposition 3.4. Let ξ− → N be a nonorientable negative bundle over a three di-
mensional ritial manifold N . Then the ohomology groups H∗S1(D(N), S(N);Q)
vanish.
Proof. Let p : N˜ → N be the twofold over suh that the pull-bak p∗ξ− = ξ˜− is
orientable. Let ι be the overing involution on N˜ whih lifts to ξ˜−. Note that the S1-
equivariant negative bundle ξ−S1 → NS1 is also nonorientable. Lift the ation of S
1/Zn,
or possibly a twofold over of S1/Zn, on ξ
−
to an ation on ξ˜− suh that ι beomes
equivariant with respet to this ation. Let ξ˜−S1 → N˜S1 be the oriented twofold over of
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ξS1 → NS1. We know from Proposition 3.3 that NS1 is rationally homotopy equivalent
to S2. The ation of S1/Zn on N˜ also has nite isotropy groups, so by an argument
similar to the one in the proof of Proposition 3.3 we see that N˜/(S1/Zn) is an oriented
surfae of genus g, Fg. The Borel onstrution N˜S1 is rationally homotopy equivalent
to Fg.
There are two ases to onsider: g = 0 and g > 0. We rst treat the ase g = 0.
Sine the bundle ξ˜−S1 is orientable there exists a Thom lass and this ohomology
lass hanges sign under the ation of ι∗, sine otherwise it would desend to give a
Thom lass for ξ−S1 making it orientable. By general overing spae theory we know
that H∗S1(D(N˜), S(N˜);Q)
ι∗ = H∗S1(D(N), S(N);Q) and H
∗
S1(N˜ ;Q)
ι∗ = H∗S1(N ;Q),
where the supersript ι∗ denotes the lasses that are xed under the ation of ι∗, and
where as before, D(N) = D(ξ(N)) et.
By the Thom isomorphism we have H iS1(D(N˜), S(N˜);Q) = H
i−λ(N)
S1 (N˜ ;Q) and
sine g = 0 we have H iS1(N˜ ;Q) = 0 for all i 6= 0, 2, whih means that we only
have to see what happens to the degree zero and degree two oyles. By the
above, this implies that H iS1(D(N), S(N);Q) = 0 for i 6= λ(N), λ(N) + 2. The
ation of ι∗ on H0S1(N˜ ;Q) is trivial and sine the Thom lass hanges sign, the a-
tion of ι∗ on H
λ(N)
S1 (D(N˜), S(N˜);Q) has no xed points. Hene we onlude that
H
λ(N)
S1 (D(N), S(N);Q) = 0.
Sine bothN and N˜ are two spheres we haveH2S1(N˜ ;Q) = Q andH
2
S1(N ;Q) = Q,
but also that H2S1(N˜);Q)
ι∗ = H2S1(N ;Q) = Q. This implies that ι
∗
ats trivially on
H2S1(N˜ ;Q) and, sine the Thom lass hanges sign under the ation of ι
∗
, as − id on
H
λ(N)+2
S1 (D(N˜), S(N˜);Q). We onlude that H
λ(N)+2
S1 (D(N), S(N);Q) = 0.
The seond ase to onsider is g > 0. In that ase we will derive a ontradition.
Let 2k be the minimal index of a ritial manifold on whih Zn ats trivially and whose
negative bundle is nonorientable. If there is more than one ritial manifold of index
2k with nonorientable negative bundle, we repeat the argument for eah manifold.
If the ation of S1/Zn had been free, NS1 would be homotopy equivalent to S
2
and
the negative bundle would have been orientable. Hene the ation of S1/Zn on N
has xed points and sine the ation is eetive, the xed points are one dimensional
ritial manifolds.
Sine the map N˜/S1 → N/S1 is a branhed overing, the Riemann-Hurwitz for-
mula implies that there are 2g+2 branhed points. Exeptional orbits of the S1-ation
on N˜ are irles, sine the ation is eetive, and they projet down to exeptional
orbits (shorter geodesis) for the ation on N . Branhed points for the overing
N˜/S1 → N/S1 orrespond to orbits where the isotropy of the ation on N is bigger
than for the ation on N˜ . Hene we see that the branhed points ome from exep-
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tional orbits for the ation on N and hene that there are at least 2g+ 2 exeptional
orbits in N .
The exeptional orbits are shorter geodesis, and sine by the Bott Iteration For-
mula Index(cq) ≥ Index(c), these irles must all have index less than or equal to 2k.
By the following lemma we dedue that the index must be equal to 2k. For later
referene we state this lemma separately.
Lemma 3.2. There exists no one dimensional ritial manifolds of index less than
2k.
Proof. Assume for ontradition that there exists a one dimensional ritial manifold
of index 2h < 2k, h ≥ 2. This ritial manifold hene ontributes a Q2 in degree
2h. A three dimensional ritial manifold ontributes a Q in the degree equal to
the index and a Q in degree equal to the index plus 2, sine the negative bundle
is orientable (hene a total of two lasses). The unit tangent bundle ontributes
a total of 4 lasses. There are no anellations in degree less than 2k, sine the
ontributions all have even degrees. The total number of lasses needed to "ll the
gaps" (fromH2S1(ΛS
3, S3;Q) to H2h−2S1 (ΛS
3, S3;Q)) in the ohomology is 2h−3, sine
H2S1(ΛS
3, S3;Q) = Q. Notie that as 2h < 2k no anellations are possible, sine all
ontributions our in even degrees. This implies that no three dimensional ritial
manifold an have index 2h−2 and the unit tangent bundle annot have index 2h−2
or 2h−4, sine otherwise dimH2hS1(ΛS
3, S3;Q) ≥ 3, sine we have ontributions from
the two irles and the three or ve dimensional ritial manifold. Hene we have to
ll an odd number of holes with ontributions that only ome in pairs or quartets.
This is learly impossible.
If h = 1 we get a ontribution of Q2 in degree 2, whih annot anel out, sine
the index two ritial manifold only ontributes in even degrees. This ontradits the
fat that H2S1(ΛS
3, S3;Q) = Q.
By a similar argument, we see that there is at most one three or ve dimensional
ritial manifold for eah even index less than 2k. If the unit tangent bundle has
index 2j, there is no ritial manifold of index 2j + 2, sine H2S1(T
1S3;Q) = Q2.
Now we derive the ontradition. This is done by onsidering the possible on-
tributions to H2kS1(ΛS
3, S3;Q). The three dimensional ritial manifold of index
2k − 2 ontributes a Q in degree 2k, a ve dimensional ritial manifold of in-
dex 2k − 4 ontributes a Q in degree 2k, and similarly a ve dimensional ritial
manifold of index 2k − 2 ontributes a Q2 in degree 2k. Hene we get a ontribu-
tion to H2kS1(ΛS
3, S3;Q) of at least a Q from the ritial manifold of index 2k − 2
or 2k − 4 and a Q2g+2 from the exeptional orbits. By the Thom isomorphism
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we have H2k+1S1 (D(N˜), S(N˜);Q) = H
1
S1(N˜ ;Q) and furthermore we have by ov-
ering spae theory that H2k+1S1 (D(N˜), S(N˜);Q)
ι∗ = H2k+1S1 (D(N), S(N);Q), whih
implies that H1S1(N˜ ;Q)
ι∗ = H2k+1S1 (D(N), S(N);Q). Sine H
1
S1(N˜ ;Q) = Q
2g
, we
see that the maximal ontribution to H2k+1S1 (ΛS
3, S3;Q) is Q2g, whih for example
happens if ι∗ ats as − id on Q2g. This yields a ontradition sine we now have
dimH2kS1(ΛS
3, S3;Q) ≥ 3.
If there exists another ritial manifold of index 2k with nonorientable negative
bundle we repeat the argument above. The exeptional geodesis that ontribute in
degree 2k are distint from the ones in other ritial manifolds sine the iterates of
the shorter geodesis lie in dierent onneted ritial manifolds.
This nishes the proof that E is perfet.
A onsequene of the perfetness of the energy funtion is the following general
fat.
Corollary 3.1. The minimal index of a ritial manifold onsisting of nononstant
geodesis is two. For every number 2k there exists at most one onneted ritial
manifold of index 2k for every k ≥ 1.
Proof. As a global minimum of E, S3 has index zero. If one of the ritial manifolds
N onsisting of nononstant geodesis has index zero, H0S1(ΛS
3;Q) would be at least
two dimensional, whih is not the ase. If the minimal index, Index(N) = 2i, i > 1,
then H2(ΛS3;Q) = · · · = H2i−1(ΛS3;Q) = 0, whih is not the ase. That there is at
most one ritial manifold of a given index is lear by an argument similar to the one
in the proof of Lemma 3.2.
4 Orientability of Negative Bundles
We want to use the fat that E is perfet to onlude that all negative bundles over
the three dimensional ritial manifolds are indeed orientable. Notie that this is not
a irular argument, sine the proof of perfetness does not use orientability.
Proposition 4.1. There do not exist any one dimensional ritial manifolds.
Proof. This is similar to the argument in the proof of Lemma 3.2. By S1-equivariant
perfetness of E there an be at most two irles of index 2j. Let 2k, k ≥ 2 be
the minimal index of a one dimensional ritial manifold. This ritial manifold on-
tributes a Q
2
in degree 2k. We must then ll the 2k − 3 gaps from H2S1(ΛS
3, S3;Q)
to H2k−2S1 (ΛS
3, S3;Q) with ontributions that ome in pairs or quartets, learly im-
possible. If k = 1 we get a ontradition sine H2S1(ΛS
3, S3;Q) = Q
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Corollary 4.1. The negative bundles over the three dimensional ritial manifolds
are (S1-equivariantly) orientable.
Proof. First note that if the dimension of a ritial manifold N is three, the ation of
S1/Zn on N is free, sine there are no one dimensional ritial manifolds.
Hene the S1-Borel onstrution N×S1ES
1
is homotopy equivalent to N/(S1/Zn)
and by the proof of Proposition 3.3N/(S1/Zn) is homotopy equivalent to S
2
. Sine S2
is simply onneted the bundle is orientable. We onlude that the negative bundles
are also oriented as ordinary vetor bundles.
It was shown in the previous setion that the negative bundles over the one and
ve dimensional ritial manifolds are orientable, so this orollary nishes the proof
that all negative bundles are orientable.
5 Topology of the Three Dimensional Critial Man-
ifolds
By alulating the Euler lass of the bundle S1 → N → N/S1 = S2 we will dedue
that the three dimensional ritial manifolds are integral ohomology three spheres
or lens spaes.
Theorem 2. Assume that N is a three dimensional ritial manifold. The quotient
N/S1 = S2 is endowed with a sympleti struture whih orresponds to the Euler
lass of the S1-bundle S1 → N → N/S1; in partiular the Euler lass is nonzero and
N has the integral ohomology of either the three sphere or a lens spae.
Proof. Note that by Corollary 3.1 N is onneted. Parts of the proof rely on an argu-
ment in [Bes78℄; see [Bes78, Denition 1.23, Proposition 2.11 and 2.16℄. We will de-
sribe some extra struture on the xed point set N . In [Bes78, Chapter 2℄ the author
onsiders a manifold all of whose geodesis are losed with the same least period 2π. In
that ase the ation of S1 on T 1S3 is free and one gets a prinipal S1 bundle p : T 1S3 →
T 1S3/S1. There is a anonial onnetion α ∈ H1
dR
(T 1S3;L(S1)) on T 1S3 onstruted
as follows: Let pTS3 : TTS
3 → TS3 be the projetion and Tp
S3
: TTS3 → TS3 be the
tangent map. For X ∈ TTS3 we dene α˜(X) = g(Tp
S3
(X), pTS3(X)). This form is
the pullbak to the tangent bundle of the anonial one form on the otangent bun-
dle. Dene a horizontal distribution on TT 1S3 by Qu = {X ∈ TuT
1S3 | α(X) = 0}.
Then TuT
1S3 = RZ ⊕ Qu, where Z is the geodesi vetor eld on TT
1S3, and the
orresponding onnetion form is α˜ restrited to T 1S3 whih we denote by α. The
Lie algebra of S1 is abelian and dα is horizontal, so the urvature form of α is dα.
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Sine the two form dα is invariant under the ation of S1, it is basi. The form dα
is also the restrition to the unit tangent bundle of the pullbak to the tangent bun-
dle of the anonial two form on the otangent bundle. Hene dα is nonzero on the
omplement of Z on every TuT
1S3, u ∈ T 1S3. By Chern-Weil Theory there exists
ω ∈ H2
dR
(T 1S3/S1) suh that p∗(ω) = dα. By [KN69, Theorem 5.1℄ this lass is the
Euler lass of the bundle. By [Bes78, Proposition 2.11℄ the lass ω is a sympleti
form on T 1S3/S1 (ω being degenerate would mean that dα = 0 on a nonempty subset
of the omplement of Z, whih is not the ase). Hene the Euler lass is nonzero.
We now arry the argument over to the three dimensional ritial manifolds. By
Proposition 4.1 we know that the ation of S1 on N is free and that N/S1 is homeo-
morphi to S2. Consider the prinipal bundle S1 → N → S2, with projetion q. We
want to onlude that the Euler lass of this bundle is nonzero. First note that the
geodesi vetor eld is tangent to the xed point set. Consider the restrition of α
to TN and dene as above a distribution on TN by Q˜u = {X ∈ TuN | α(X) = 0}.
Then we have TN = RZ ⊕ Q˜u, sine Z is a vetor eld on TN with α(Z) = 1; see
[Bes78, 1.57℄. The restrition of α to TN is invariant under the ation of S1 given by
the geodesi ow, sine by [Bes78, 1.56℄ LZα = 0, so the distribution Q˜ is invariant
under the ation of S1. Sine the map u 7→ Q˜u is learly smooth, Q˜ is a horizontal
distribution and sine α(Z) = 1, α is the onnetion of the distribution. Similarly
to the above, we see that sine the Lie algebra of S1 is abelian the urvature of the
bundle is dα (dα is horizontal sine dα(Z,−) = 0 by [Bes78, 1.56℄). As dα is hori-
zontal and invariant under the ation of S1 (LZdα = 0 by [Bes78, 1.57℄), it is basi.
Hene we an nd a form ω ∈ H2
dR
(S2) suh that q∗(ω) = dα. Thus, to see that the
quotient is sympleti, it sues to show that the urvature is nonzero on Q˜. This
follows from the following general statement about sympleti redution. The proof
of this statement is that, similarly to the proof of Lemma 3.1, the +1 eigenspae of
the Poinaré map is a sympleti subspae.
Lemma 5.1. Let (V 4, τ) be a sympleti vetor spae and let Zn at on V by lin-
ear sympleti transformations. Assume that dimFix(Zn) = 2. Then Fix(Zn) is a
sympleti subspae.
Consider the tangent spae to T 1S3 at a point u ∈ T 1S3. This splits as a diret
sum Z⊕Qu and dα 6= 0 on Qu and on the four dimensional subspae the form dα is a
sympleti two form and the dierential of the geodesi ow ats by sympleti linear
transformations. The tangent spae TuN also splits as the diret sum of Z ⊕ Q˜u,
Q˜u ⊂ TuN . It follows from the above lemma that the form dα restrited to TuN is
nonzero and hene, as above, that the form ω ∈ H2
dR
(S2) makes the quotient into a
sympleti manifold. Again by [KN69, Theorem 5.1℄ the lass ω is the Euler lass
of the S1-bundle S1 → N → S2. Sine the Euler lass is nonzero an appliation of
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the Gysin sequene for the bundle S1 → N → S2 shows that N is either an integral
ohomology three sphere or lens spae.
Corollary 5.1. There are no three dimensional ritial manifolds with the integral
ohomology of S3 or a lens spae S3/Zr, r odd.
Proof. By Corollary 3.1 there exists at most one onneted, ritial manifold, N ,
of a given index. Let n be the multipliity of a geodesi in N , i.e. c has length
2π/n. The ation of O(2) leaves N invariant and hene indues an ation on N
whih is eetively free sine there are no one dimensional ritial manifolds. Let
Zn ⊆ S
1
be the ineetive kernel of the ation. By identifying S1/Zn with S
1
we
see that O(2)/Zn ∼= O(2). The group O(2)/Zn ats freely on N , so in partiular
Z2 ×Z2 ⊆ O(2)/Zn ats freely on N . By a a theorem of Smith [Bre72, Theorem 8.1℄
Z2-ohomology spheres do not support a free ation of Z2 × Z2, so sine S
3/Zr, r
odd, are Z2-ohomology spheres we have nished the proof.
6 Geometri Consequenes
In this setion we note some geometri onsequenes of the above results. The rst
onsequene is that for g a metri on S3 all of whose geodesis are losed, the geodesis
have the same least period if and only if the energy funtion is perfet for ordinary
ohomology.
Reall that we assume the existene of exeptional shorter geodesis of period
2π/n, n > 1. These exeptional geodesis must lie in a three dimensional ritial
manifold, sine we have seen that there exist no one dimensional ritial manifolds,
and if the geodesis of period 2π/n lie in a ve dimensional ritial manifold, all
geodesis are losed of period 2π/n, ontrary to our assumption.
We onsider the unique ritial manifold of index two, whih we denote by N .
To prove the onjeture there are then two ases to rule out: N is three and ve
dimensional. The ve dimensional ase is easy sine the shorter geodesis also have
index two, ontraditing the fat that there is at most one ritial manifold of eah
given index.
For N three dimensional and c ∈ N we have two ases to onsider: Index(c2) = 4
and Index(c2) = 6. If we assume that the setional urvature K is pinhed a/4 ≤
K ≤ a, it follows from [BTZ83℄ and [Tsu66℄ that the ritial manifolds ontributing
the lasses in degree 2, 4, 5 and 7 to H∗(ΛS3;Z) only ontain prime losed geodesis.
Hene we get a ontradition in the ase where Index(c2) = 4. We have not yet been
able to handle the ase where Index(c2) = 6.
15
Referenes
[Bes78℄ Arthur L. Besse. Manifolds all of whose geodesis are losed, volume 93 of
Ergebnisse der Mathematik und ihrer Grenzgebiete [Results in Mathematis
and Related Areas℄. Springer-Verlag, Berlin, 1978.
[BO04℄ Marel Bökstedt and Iver Ottosen. The suspended free loop spae of a
symmetri spae. Preprint Aarhus University, 1(18):131, 2004.
[Bre72℄ Glen E. Bredon. Introdution to ompat transformation groups. Aademi
Press, New York, 1972.
[BTZ82℄ W. Ballmann, G. Thorbergsson, and W. Ziller. Closed geodesis on posi-
tively urved manifolds. Ann. of Math. (2), 116(2):213247, 1982.
[BTZ83℄ W. Ballmann, G. Thorbergsson, and W. Ziller. Existene of losed geodesis
on positively urved manifolds. J. Dierential Geom., 18(2):221252, 1983.
[GG82℄ Detlef Gromoll and Karsten Grove. On metris on S2 all of whose geodesis
are losed. Invent. Math., 65(1):175177, 1981/82.
[Hin84℄ N. Hingston. Equivariant Morse theory and losed geodesis. J. Dierential
Geom., 19(1):85116, 1984.
[Kli78℄ Wilhelm Klingenberg. Letures on losed geodesis. Springer-Verlag, Berlin,
1978.
[KN69℄ Shoshihi Kobayashi and Katsumi Nomizu. Foundations of dierential ge-
ometry. Vol. II. Intersiene Publishers John Wiley & Sons, In., New
York-London-Sydney, 1969.
[Tsu66℄ Ytar Tsukamoto. Closed geodesis on ertain riemannian manifolds of
positive urvature. Thoku Math. J. (2), 18:138143, 1966.
[Wil01℄ Burkhard Wilking. Index parity of losed geodesis and rigidity of Hopf
brations. Invent. Math., 144(2):281295, 2001.
[Zil77℄ Wolfgang Ziller. The free loop spae of globally symmetri spaes. Invent.
Math., 41(1):122, 1977.
16
